Abstract. I review several proofs for non-existence of orthogonal complex structures on the six-sphere, most notably by G. Bor and L. Hernández-Lamoneda, but also by K. Sekigawa and L. Vanhecke that we generalize for metrics close to the round one. Invited talk at MAM-1 workshop, 27-30 March 2017, Marburg.
Introduction
In 1987 LeBrun 1 [7] proved the following restricted non-existence result for the 6-sphere. Let (M, g) be a connected oriented Riemannian manifold. Denote by J g (M) the space of almost complex structures J on M that are compatible with the metric (i.e. J * g = g) and with the orientation. This is the space of sections of an SO(6)/U(3) fiber bundle, so whenever non-empty it is infinite-dimensional. Associating to J ∈ J g (M) the almost symplectic structure ω(X, Y ) = g(JX, Y ), X, Y ∈ T M, we get a bijection between J g (M) and the space of almost Hermitian triples (g, J, ω) on M with fixed g. Theorem 1. No J ∈ J g 0 (S 6 ) is integrable (is a complex structure) for the standard (round) metric g 0 . In other words, there are no Hermitian structures on S 6 associated to the metric g 0 .
There are several proofs of this statement, we are going to review some of those. The method of proof of Theorem 1 by Salamon [8] uses the fact that the twistor space of (S 6 , g 0 ) is Z(S 6 ) = SO(8)/U(4) which is a Kähler manifold (it has a complex structure because S 6 is conformally flat, and the metric is induced by g 0 ), and so the holomorphic embedding s J : S 6 → Z(S 6 ) would induce a Kähler structure on S 6 . Here the symmetry of g 0 is used (homogeneity), so this proof is not applicable for g ≈ g 0 (but as mentioned in [2] , a modification of the original approach of [7] , based on an isometric embedding of (S 6 , g) into a higher-dimensional Euclidean space, is possible).
A generalization of Theorem 1 obtained in [2] is as follows.
Theorem 2. Let g be a Riemannian metric on S 6 . Denote by R g its Riemannian curvature, considered as a (3, 1)-tensor, and byR g : Λ 2 T * S 6 → Λ 2 T * S 6 the associated (2, 2) tensor (curvature operator). Assume that its spectrum (15 functions λ i on S 6 counted with multiplicities) Sp(R g ) = {λ min ≤ · · · ≤ λ max } is positive λ min > 0 and satisfies 5λ max < 7λ min . Then no J ∈ J g (S 6 ) is integrable.
This theorem will be proven in Section 4 after we introduce the notations and recall the required knowledge in Sections 2 and 3. Then we will give another proof of Theorem 1 due to Sekigawa and Vanhecke [9] in Section 5. Then in Section 6 we generalize it in the spirit of Theorem 2. Section 7 will be a short summary and an outlook.
Let us start with an alternative proof of Theorem 1 following Bor and Hernández-Lamoneda [2] .
Sketch of the proof of Theorem 1. Let K = Λ 3,0 (S 6 ) be the canonical line bundle of the hypothetical complex structure J. Equip it with the Levi-Civita connection ∇ that is induced from Λ 3 C (S 6 ) by the orthogonal projection. The curvature of K with respect to ∇ is
where Φ is the second fundamental form (see §3.1). It has type (1, 0) and so iΦ * ∧ Φ ≤ 0 (see §3.2). Since for the round metric g = g 0 we haveR g = Id, so
Thus −iΩ is a non-degenerate (positive) scalar valued 2-form which is closed by the Bianchi identity. This implies that S 6 is symplectic which is impossible due to H 2 dR (S 6 ) = 0.
It is clear from the proof that for g ≈ g 0 the operator R g ≈ Id is still positive, so the conclusion holds for a small ball around g 0 in Γ(⊙ 2 + T * S 6 ). It only remains to justify the quantitative claim.
Background I: connections on Hermitian bundles
Let M be a complex n-dimensional manifold. In this section we collect the facts about calculus on M important for the proof. A hurried reader should proceed to the next section returning here for reference.
Let π : E → M be a Hermitian vector bundle, that is a holomorphic bundle over M equipped with the Riemannian structure , in fibers for which the complex structure J in the fibers is orthogonal. Examples are the tangent bundle T M and the canonical line bundle K = Λ n,0 (M).
Note that a Hermitian structure is given via a C-bilinear symmetric product ⊙ 2 (E ⊗ C) → C as follows: the restriction (, ) :
is the canonical decomposition into +i and −i eigenspaces of the operator J, gives the Hermitian metric , : E ⊗ E → C, ξ, η = (ξ,η).
There are several canonical connections on E.
2.1. The Chern connection. This is also referred to as the canonical metric [6] or characteristic [4] connection and is constructed as follows.
Recall that the Dolbeaux complex of a holomorphic vector bundle is
where the first Dolbeaux differential∂, generating all the other differentials in the complex, is given by localization as follows (for simplicity of notations, everywhere below we keep using M for the localization). If e 1 , . . . , e m is a basis of holomorphic sections and
It is easy to check by passing to another holomorphic frame that this operator∂ is well-defined, and that its extension by the Leibnitz rule∂(ξ ⊗ α) = ∂(ξ) ∧ α + ξ · dα yields a complex,∂ 2 = 0. 
Proof. The statement is local, so we can use a local holomorphic frame e i to compute. Thus, a linear connection D is given by a connection
We use the notations eā =ē a , θb a =θ b a , etc, cf. [6] . Let g ab = e a , e b = (e a , eb) be the components of the Hermitian metric. The first condition on D writes
The second condition means that all θ b a are (1, 0)-forms, so the above formula splits: ∂g ab = θ c a g cb ⇔∂g ab = θc b g ac . Consequently, the connection form satisfying the two conditions is uniquely given by
We will denote the Chern connection, so obtained, by D. In particular, there is a canonical connection D on the tangent bundle of a Hermitian manifold. Its torsion is equal to
} is the projection, cf. [4] . This implies that the Chern connection D on T M has a non-trivial torsion unless (g, J, ω) is Kähler.
The Levi-Civita connection. A Hermitian metric induces a canonical torsionless metric connection
Due to computation of the torsion T D above, the Levi-Civita connection ∇ does not preserve J unless M is Kähler. In other words, D = ∇ only in this case.
Choosing the frame e a = ∂ z a , eā = ∂za, for a holomorphic coordinate system (z a ) on M, we get
and (because g ab = 0 = gāb) the Christoffel coefficients have the standard but shorter form, e.g.
Introducing the 1-forms ϑ 
2.3. The canonical connection. Though we will almost not use it, let us mention also the canonical connection [4, 10] 
This connection is both metric D(g) = 0 and complex D(J) = 0. The price of this additional (second) property is the emergence of torsion:
Clearly ∇ is the canonical connection iff the structure (g, J, ω) is Kähler. Also, if the Chern connection D is canonical, then (∇ X J)Y = (∇ Y J)X, and this implies that the structure (g, J, ω) is almost Kähler. A Hermitian almost Kähler structure is necessarily Kähler [5] . 
Here it is important which sign convention we choose. In terms of the connection matrix θ E = (θ 
Note that if D is the Chern connection (on a Hermitian bundle), then Θ E is a matrix of (1, 1)-forms, but for the Levi-Civita connection in general this is not the case.
Let E 0 ⊂ E be a holomorphic subbundle and
where for vector spaces V, W and elements α,
Background II: positivity
In this section preliminary computations are made, following [2] . The first subsection is just linear algebra and so is applicable to a complex vector space (V, J) (= T x M), equipped with a complex-valued symmetric C-bilinear non-degenerate form (·, ·) with (X,X) ≥ 0. The corresponding Hermitian metric is X, Y = (X,Ȳ ).
Let us call a 2-form ω ∈ Λ 2 V * positive (resp. non-negative ω ≥ 0) if the corresponding bilinear form b(X, Y ) = ω(X, JY ) is symmetric positive definite (resp. positive semidefinite). In other words, this 2-form is J-invariant, i.e. ω ∈ Λ 1,1 V * , and
with values in Hermitian endomorphisms of a complex space W is positive (resp. non-negative Ω ≥ 0) if the scalar valued 2-form Ωw, w is positive (resp. ≥ 0) ∀w = 0. Note that (A * α, β) = (Â, α ∧ β) for arbitrary α, β ∈ V * . Indeed, using the operator ♯ : V * → V of raising indices, we get
Here and below star denotes the usual pull-back
Proof. In a unitary (holomorphic) basis {e a } of V with the dual basis {e a } of V * we get ω = i(e 1 ∧e1+. . .+e
and the last expression is (Â, −iω).
For R ∈ Λ 2 V * ⊗ End(V ) with values in anti-symmetric endomorphisms defineR ∈ End(Λ 2 V * ) as the composition (where
In other words, if R = α k ⊗ A k , then for β ∈ Λ 2 V * the action is R(β) = (Â k , β)α k . Now the previous lemma implies Corollary. Denote by R ∇ the curvature of the connection induced from the Levi-Civita connection on Λ n T M * . Then
This corollary and decomposition (3) yield formula (1) from the introduction.
3.2.
Type of the second fundamental form. Recall [6] that for the Chern connection the second fundamental form is always of type (1, 0). For the Levi-Civita connection this is not always so, however for the subbsundle K ⊂ Λ n T * M ⊗ C this property holds.
Lemma 5. The second fundamental form of the canonical bundle
Proof. Let us first prove the same property for the subbundle On the other hand, ∇ is torsion-free and so 
Corollary. We have: −iΦ * ∧ Φ ≥ 0.
Proof. Since Φ has type (1, 0) we conclude
Proof of Theorem 2
This section contains the proof of Theorem 2, following the approach of [2] . Theorem 1 is an immediate corollary.
We first prove a quantitative assertion that a small perturbation of a positive form is positive. Let (g, J, ω) be a (linear) Hermitian structure on a vector space V , n = dim C V = 
and λ a ≥ 1 by the assumptions. Then σ
a e a ∧ eā and σ
Now the proof of Theorem 2 is concluded as follows. Let n = 3. Normalize g by the requirement Sp(R) ∈ ( ), and so R (ω) − ω <
. By (1) we get
Since σ 0 = ω − Φ * ∧ Φ ≥ ω, then by Lemma 6 we conclude that iΩ, and hence Ω are nondegenerate. Since Ω is closed by Bianchi's identity, it is symplectic on S 6 , which is a contradiction.
Another approach
In this section we give yet another proof of Theorem 1 due to K. Sekigawa and L. Vanhecke [9] . We should warn the reader of some unspecified sign choices in their paper, which we amend here.
Our sign conventions in this respect are in agreement with [3, 4] , though in these sources the curvature is defined as minus that of ours. Since there are several differences in sign agreements, for instance in passing from (g, J) to ω, in Ricci contraction etc, this will be reflected in sign differences of our formulae, which otherwise are fully equivalent. 
represents the first Chern class c 1 = [γ 1 ], see [4] . When passing to the Levi-Civita connection ∇, this simple formula is modified.
A relation between the two connections is given by [4, (6.2) ] that, in the case of integrable J, states
with the canonical connection D given by (2) . This allows to express the first Chern form in terms of ∇ (the curvature of D is expressed through that of ∇ in [10] , and the curvature of D -in [4] ).
Define the 2-forms ψ(X,
With these choices (cf. [4, 9] ) the first Chern form is given by
5.2. Alternative proof of Theorem 1. Now suppose that g has constant sectional curvature k > 0, i.e.
In other words, this metric g is both Einstein and * -Einstein, and the scalar and * -scalar curvatures are both positive. Thus both Ric ∇ and Ric * ∇ are positive definite, and hence ψ > 0. Now since ϕ(X, JX) = ∇ JX J 2 = ∇ X J 2 ≥ 0, we have ϕ ≥ 0, and consequently γ 1 > 0. Integrating γ Returning to the case M = S 6 , n = 3, and the standard round metric g = g 0 of constant sectional curvature 1, we obtain a contradiction because c 1 ∈ H 2 (S 6 ) = 0, and so c 3 1 = 0 as well.
Generalization of the idea of Section 5
If we perturb the metric g starting from g 0 , it is no longer * -Einstein, and the argument of the previous section literally fails.
However, since the space of g-orthogonal complex structures J g ≃ O(2n)/U(n) is compact, the image of the map
is close to the one-point set {g 0 } (because g 0 is * -Einstein) and so is positive for g sufficiently close to g 0 . Thus we still get the inequality 8πγ 1 = 2ψ + ϕ > 0 as in the previous section, and so conclude nonexistence of g-orthogonal complex structures J on S 6 for an open set of metrics g ∈ Γ(⊙ 2 + T * S 6 ) in C 2 -topology. A quantitative version of this idea is a novel result given below.
6.1. Bounds in the space of curvature tensors. Fix a Euclidean space V of even dimension 2n with metric g = ·, · , and consider the space R of algebraic curvature tensors on it. Identifying (3, 1) and (4, 0) tensors via the metric, R = Ker[∧ :
. In this subsection we restrict to linear tensors in V . Denote by P the space {R ∈ R : Ric * R (X, X) ≥ 0 ∀X ∈ V, ∀J ∈ J g }, where Ric * R is computed via R and J as in the previous section.
This can be exposed in index terms as follows. Denote by F g the space of g-orthonormal frames e = {e 1 , . . . , e 2n } on V . Each such frame yields an orthogonal complex structure on V by Je i = (−1) i−1 e i # , where i # = i − (−1) i . For every e ∈ F g and R ∈ R compute α ij = 2n k=1 R(e i , e k , e j # , e k # ) = (−1) i+j α j # i # and form the symmetric matrix A with entries a ij = 1 2 (α ij + α ji ). Then R ∈ P iff A is positive semidefinite for every e ∈ F g , and this can be determined by finite-dimensional optimization via the Silvester criterion.
A simple sufficient criterion for this is the following. Introduce the following L ∞ -norm on R: R ∞ = max {|v i |=1} |R(v 1 , v 2 , v 3 , v 4 )|.
, then R ∈ P.
Proof. DenoteŘ = R − g g. Then for any J ∈ J g and X ∈ V with X = 1 we get Ric * R (X, X) = R(X, e i , JX, Je i ) = X 2 + Ř (X, e i , JX, Je i )
|Ř(u, v, Ju, Jv)| ≥ 0.
Thus R ∈ P.
6.2.
A non-existence alternative to Theorem 2. Write g ∈ P if the curvature tensor of g satisfies this positivity property on every tangent space V = T x M, x ∈ M. The set P is a neighborhood of the round metric g 0 on M = SEvery almost complex structure J on S 6 is orthogonal with respect to some metric g, but as this (or any conformally equivalent metric) can be far from g 0 , the positivity argument will not work.
Note that all known proofs of non-existence of Hermitian structures for certain g use only one property of the 6-sphere, namely that H 2 (S 6 ) = 0. It would be interesting to find a proof of non-existence of orthogonal complex structures based on some other ideas.
